On the generalized resolvents of isometric 
operators with gaps. 



S.M. Zagorodnyuk 



1 Introduction. 



We shall investigate generalized resolvents of an isometric operator. Let 
V be a closed isometric operator in a (separable) Hilbert space H. There 
always exists (at least one) unitary operator U 5 V in a Hilbert space 
H ^) H. Recall that the following operator- valued function R^: 

TL c h = P§(E s -QUy 1 ^ h£H, 

is said to be the generalized resolvent of the isometric operator V (corre- 
sponding to the extension U). Let {-Fijie [0,271-1 be the left-continuous orthog- 
onal resolution of unity of U. Then the following operator-valued function: 

F t = P§F t , tG[0,2vr], 

is said to be a (left-continuous) spectral function of the isometric op- 
erator V (corresponding to the extension U). Let F{S), 5 G 93 (T), be the 
orthogonal spectral measure of U. Then 

F(5) = P§F{S), 5 G «B(T), 

is said to be a spectral measure of the isometric operator V (correspond- 
ing to the extension U). Of course, we have 

F(5 t ) =F t , S t = {z = : < <p < t}, t e [0, 2tt], 

what follows from the analogous property of the orthogonal measures. We 
notice that there exists a one-to-one correspondence between spectral func- 
tions (spectral measures) and generalized resolvents: 

(R z h,g) H = [ —±—d(F(-)h,g) H = I - 1 it d(F t h,g) H , Vh,geH, 
j j 1 — zl, J 1 — ze 

according to the inversion formula p. 50]. 

Let Hi and H2 be two arbitrary subspaces of the Hilbert space H. By 
S{H\;H2) we denote the set of all analytic in D = {z € C : \z\ < 1} 
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operator-valued functions F(Q which values are linear contractions with 
the domain D(F(Q) = Hi and with the range R(F(Q) C H 2 , VC G D. 
Chumakin's formula [21 Theorem 3]: 

R^^-C^eFfOf 1 , Ce», (2) 

establishes a one-to-one correspondence between all generalized resolvents 
of V and all functions F(C) from the set S(H Q D(V); H 9 #00)- 
Set 

M c = M C (T) = (E H - (V)D(V), iV c = JV f (V) = H Q M c , ( G C; 

Moo = M^V) = R(V), TVoo = Noo(V) = H Q R(V). 
Consider the following operator 

V z = (V - zE H )(E H -zV)-\ z € D. (3) 

Notice that -D(Vz) = M 2 and i?(V^) = Mi. It is straightforward to check 
that is isometric and 

V = (V z + zE H ){E H + zV z y l = [V z )_ z . (4) 

Moreover, if V is unitary, then is unitary, and vice versa (by ((U)). 

Let 3 V z be a unitary operator in a Hilbert space H D H. Then we 
may define the operator 

V = (V z + zE H ){E H + zV z )-\ (5) 

which is a unitary extension of V. Formula ([5|) establishes a one-to-one 
correspondence between all unitary extensions V z of V z in a Hilbert space 
H D H, and all unitary extensions V of V in a Hilbert space i?. 

Let us fix an arbitrary point zq G KD. Let C be an arbitrary linear 
bounded operator with the domain D[C) = N ZQ and the range R(C) C iV_i_. 



^;C7 = ^o©C; (6) 

Vfc = ^C;s = K;C + ^^)(^ + 2b^J ; o) _1 - ( 7 ) 

If zq ^ 0, we may write: 

V C = V C]Z0 = ^E H + \*tzl(E H + ZoV+cT 1 ; (8) 
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V z + ;c = ~yE H + l —^(E H - zoVcn)- 1 . (9) 

Recall that the operator Vc is said to be an orthogonal extension of V 
defined by the operator C . 
Inin's formula [3j Theorem]: 

R(= [E-CV c{C;zo) ]-\ (GO, (10) 

establishes a one-to-one correspondence between all generalized resolvents 
of V and all functions C(C) = C(C', z o) from the set S(N Zo ; N±). Observe 

that in the case zq = it coincides with Chumakin's formula. 

We shall show that Inin's formula can be derived directly from Chu- 
makin's formula. Then we shall obtain an analog of some McKelvey's re- 
sults [U Theorem 2.1 (A),(B); Theorem 3.1 (A),(B); Remark 2.2], see also [5]. 
Also we obtain an auxiliary proposition which uses some constructions of 
L.A. Shtraus in [61 Lemma]. All that will be used to obtain some slight 
correction and generalization of Ryabtseva's results about generalized resol- 
vents of an isometric operator with a gap in [7]. Here we used some ideas of 
Varlamova-Luks for the case of Hermitian operators with a gap [5] , [H] , [9] . 

Notations. As usual, we denote by K., C, N, Z, Z+, the sets of real 
numbers, complex numbers, positive integers, integers and non-negative in- 
tegers, respectively; D = {z G C : \z\ < 1}, T = {z G C : \z\ = 1}, 
D e = {z G C : \z\> 1}, T e = {z G C : \z\ + 1}. By ®(T) we denote the 
set of all Borel subsets of T. 

All Hilbert spaces in this paper are assumed to be separable. If H is a 
Hilbert space then (•, and || • ||# mean the scalar product and the norm 
in H, respectively. Indices may be omitted in obvious cases. For a linear 
operator A in H, we denote by D(A) its domain, by R(A) its range, by 
Ker A its null subspace (kernel), and A* means the adjoint operator if it 
exists. If A is invertible then A -1 means its inverse. A means the closure of 
the operator, if the operator is closable. If A is bounded then ||A|| denotes 
its norm. The set of all points of the regular type of A is denoted by A4 r (A). 
For a set M C H we denote by M the closure of M in the norm of H. By 
A\m we denote the restriction of the operator A to M. For an arbitrary 
set of elements {x n } ne / in H, we denote by Lin{x n } n6 / the set of all linear 
combinations of elements x n , and span{a; n } nG j := Lin{x n } ne /. Here I is an 
arbitrary set of indices. By Eh we denote the identity operator in H, i.e. 
Ehx = x, x G H. In obvious cases we may omit the index H. If H\ is a 
subspace of H, then Ph 1 = Pff is an operator of the orthogonal projection 
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on H\ in H. By w. — lim and u. — lim we denote the limits in the weak and 
the uniform operator topologies, respectively. 



2 A connection between Chumakin's formula and 
Inin's formula. 

The following proposition holds, see [3l p. 34]. 

Proposition 2.1 Let V be a closed isometric operator in a Hilbert space H . 
Let zq £ D be fixed. For an arbitrary point £ € C\{0}, £ ^ zq, the following 
two conditions are equivalent: 

(i) C 1 € M r (V); 

(ii) ^ & M r (V Z0 ). 
Proof, (i) =4> (ii). We may write 

V Z0 -^^E H = (V-z^E H )(E H -z Q Vr l -^^(E H -z V)(E H -z V)- 1 

= C(1 " N V - \e b ){Eh - zovy 1 . 
The operator on the right-hand side has a bounded inverse defined on (V — 

<T x e h )d{v). 

(ii) (i). We write: 

V - ~E H = (V zo +z^E H )(E H + zoV^y 1 - ~(E H + z V Z0 )(E H + zoV^y 1 



V zo - ±—&°Eh) (E h + z V Z0 )-\ 
(, - Zq J 



C 

and the operator on the right-hand side has a bounded inverse which is 
defined on (V Zo - 1^§E H )D(V Z0 ). □ 

Let V be a closed isometric operator in a Hilbert space H, and zq € 
D\{0} be a fixed point. Consider the following linear fractional transforma- 
tion: 

, . U — Zn , 

t = t(u) = - °-, 11 

1 — ZqU 

which maps T on T, and DonD. 

Let V ZQ be an arbitrary unitary extension of V ZQ in a Hilbert space H D H, 
and V be the corresponding unitary extension of V defined by relation ([5]). 
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Choose an arbitrary u G T e \{0, zq, — }. Then t = t(u) G T e \{0, — zq, — — }. 
Moreover 

u G T e \{0, ^,-}«t£ T e \{0, -So, }. (12) 

We may write: 

(y 20 - tE^y 1 = ((y - z^e s )(e s - z vy l 



1 — ZqU 

|2 



i-M s 



Therefore 



n U 1 — ZoU (1 — ZQU) A t n t 

- Z0U -^ + ,/ (1 " N2 L (^-T^r 1 - 



1 — zo u (1 — ^ou)(it — zo) * 

Set « = i, t = \. Observe that u G T e \{0, i z }, t G T e \{0, -z , -=}■ 
Moreover 

u G T e \{0, = , z } t € T e \{0, -z , - = }, (13) 
^0 ^0 



and these conditions are equivalent to conditions from relation (|12p . Then 

^"^) = + (5 - , )(1 - -ou) ^ " • 

By applying the projection operator Pj^ to the both sides of the last relation, 
we obtain the following relation: 

Ra(V) = -^^E H + ,„ U{1 ~\ Zo]2 \ R u ~-, (T4 ), 2 G T e \{0, =, z }, 

U-Z Q (U - Z ){1 - ZqU) rip Zq 

(14) 
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where Rg(V), H-^{V Z0 ), are the generalized resolvents of the operators V, 
V Zo , respectively. 

Since R„(y) is analytic in T e , it is uniquely defined by the generalized re- 
solvent R.j(V Zo ), by relation JH]). By the same relation (fTi|) . the generalized 
resolvent R^V^) is uniquely defined by the generalized resolvent R„(V). 
Thus, relation ()14[) establishes a one-to-one correspondence between all gen- 
eralized resolvents of V ZQ , and all generalized resolvents of V. 
Let us apply Chumakin's formula ([2]) to the operator V zo : 

%{K ) = [E H - t(V Z0 F{t))] ~\ te D, (15) 



where belongs to the set S(N Z0 ; Nj_). Let us restrict relation (TTJ 

to a 6 ro\{0,zo} what is equivalent to the condition t G D\{0, — zo}- In 
this case it also establishes the above-mentioned one-to-one correspondence. 
By (|T4jl . (lT5]l we get 

u- z 



| uQ- - \zp, , 
(u- z )(l -ztfu) 



2 V E H -^(v zo — ^- Z ^'~" 



Sgd\{o,4 



1 — ZqU \ \ 1 — ZqU 

(16) 

where F(t) G S(N Zo ; Nj_). Relation (|16p establishes a one-to-one correspon- 
ds _ 

dence between all functions F(t) from the set S(N Zo ; N±), and all general- 

z o 

ized resolvents of the operator V. 

Set C(u) = F(^M.), u G D. Observe that C(5) G S(N Zo ;N^). We may 
write 

^ - f^o e f f f^O) = ^ - ) 

1 - z « \ \1 — zquJJ 1 — zqu 

= (-E// - ^0Vc , (S);z )(-E ; H - 2<)^C(u);zo)~ 

_ l =^(^7(2)^0 ~ Z0 E h)(Eh ~ Z<dVc(u);z Y l 

1 — ZqU w 

1 - | 1 2 

= 1 _ _~ (Eg - "Vc?(5);* )(-E'h - ^oVb(S) ;Zo )~ 

By substitution the last relation into relation (|16|) and after elementary 
calculations we get: 

Rs(V) = (E H - uV c{u) , ZQ )-\ u G D\{0, z }. (17) 
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Of course, for the case u = relation ()17p is also true. It remains to check 
relation (|17p for the case u = zq, to obtain Inin's formula. 
By Chumakin's formula for R^{V) we see that (R^U)) -1 is an analytic 
operator- valued function in B. By (|17p we may write 

(RzoiV))- 1 = u.- Jim (KuiV))' 1 = E H -u.- Jim uV c{ ^. Z0 , (18) 

where the limits are understood in the uniform operator topology. 

The operator- valued function V^. c ^ = V zo © C{u) is analytic in B, and its 

values are contractions in H. Then 

\\{E H + z V+. c ^)h\\ > \\\h\\ - IzoW+c^hW] > (1 - \z \)\\h\\, h £ H; 

\\{E H + zoV+^y 1 ]] < T -^, u G B. (19) 

Using [101 Footnote on page 83] we obtain that the function {Eh+zqV^. c ^)~ 
is analytic in B. Therefore V C (u) lZQ = (Y^. C (u) + zqE h )(E h + ZoV^.^)' 1 
is analytic in B, as well. Passing to the limit in relation (|18p we get 

(R^V))' 1 = E H - z V c(zo) . Zo . 

Therefore relation (1171) holds for the case u = z$, and we proved Inin's 
formula. 



3 An analog of McKelvey's results. 

The following proposition is an analog of Theorem 3.1 (A),(B) in [1], see 
also [5l Lemma 1.1]. 

Proposition 3.1 Let V be a closed isometric operator in a Hilbert space H , 
and F(<5) ; 5 € 25(T) ; be its spectral measure. The following two conditions 
are equivalent: 

(i) F(A) = 0, for some open arc A ofT; 

(ii) The generalized resolvent ~R Z (V), corresponding to the spectral measure 
F(<5) ; has an analytic continuation to the set DUl e UA, where A = 
{z € C : z£ A}, for some open arc A o/T. 
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Proof. (i)=>(ii). In this case relation ([T]) takes the following form: 

(K z h,g) H = [ —L-d(F(-)h,g) H , Vh,g £ H. (20) 
Jt\a 1 _ z( , 

Choose an arbitrary z$ G A. Since is bounded and continuous on 

T\A, there exists an integral 

I Z0 (h,9):= [ T ^- 7 d(F(-)h,g) H . 



Then 

c 



~R z h,h) H - I Zo (h,h)\ = \z - z Q \ 



T\A (l-O(l-^oC) 



d(F(-)h,h) H 



<\z-z \f - -d(F(-)h,h) H , z£T, 

Jt\a I 1 _ z( ,\\ i - z oCI 

There exists a neighborhood [/(zo) of zq such that |z — £| > Mi > 0, V£ 6 
T\A, Vz € U(zq). Therefore the integral in the last relation is bounded in 
U(zq). Thus, we obtain that 

(R z h, h) H I Zo (h, h), z € T e , z — > zq, VheH. 

Using properties of sesquilinear forms we get 

(R z h,g) H -> I zo (h,g), z G T e , z ->• z , Vh,g£H. 

Set _ 

:= — lim _R Z , Vz G A, 

,z£T e , z— >z 



where the limit is understood in the weak operator topology. We may write 

z e J7(«o), h E H. 

The function under the integral is bounded in [/ (zo), and it tends to ^_ ZQ ^i ■ 
By the Lebesgue convergence theorem we deduce that 

lim f_ l _(R js _R ) h ,h) =[ C d(F(-)h,h) H ; 



s 



and therefore 

lim (— ?— =/ C d(F(-)h,g) H , 

for h,g £ H. Consequently, there exists the derivative of H z at z = zq. 
(ii)=^(i). Choose an arbitrary h € H, and consider the function a^it) := 
(F t h,h)H, t € [0, 2tt), where F t is the left-continuous spectral function of 
V, corresponding to the spectral measure F(5). Also consider the following 
function: 

\ f 27T l_\_ e it z /-27T y 1 f 2n 

fh(z) = - - —da h (t) = / —da h {t) - - / da^t) 

/■27T 1 1 1 

= / T ^r z d^h(t)--\\h\\ 2 H = (R z h,h) H --\\h\\ 2 H . (21) 

Choose arbitrary numbers t\,t2, < t\ < t 2 < 2ir, such that 

I = l(t h ta) = {z = e i4 : h<t< t 2 } C A. (22) 

Suppose additionally that ii and t 2 are points of continuity of the function 
Ft. By the inversion formula [TJ p. 50] we may write: 

^ h (t 2 ) - a h (h) = lim [ t2 Re{f h (re- iT )}dT. 

Observe that 

Re{A(re— )} = Re{(R re - iT / i! - \\\h\\% 

= \{((BrriT+B; e -ir)h,h)H)-\\\h\\ 2 H , h<T<t 2 . (23) 
By (|22p we see that e~* r belongs to A, for ti < t < t 2 . Therefore 

lim ((K re - iT + R* iT )h,h) H = ((K e -i,+K* iT )h,h) H . (24) 

r— >l— 

The generalized resolvents have the following property [2]: 

R* = E ff -Ri, z€T e . (25) 

z 

Passing to the limit in (|25p as 2 tends to e~* r , we get 

R*_ ir = E H - R e -ir , ti < r < t 2 . (26) 
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By H23H,H2K and flU} we obtain that 

lim Re {f h {re- lT )} =0, h < r < t 2 . (27) 

r-»l-0 

Consider the following sector: 

L(t x ,t 2 ) = {z = re- u : t x < t < t 2 , < r < 1}. 

The generalized resolvent is analytic at any point of the closed sector L(t\,t 2 ). 
Therefore Re(R z h, h) is continuous and bounded in L(t\, t 2 ). By the Lebesgue 
convergence theorem we conclude that (Jh{t\) = (Th{t 2 ). If 1 ^ A we easily 
get the required result. In the case 1 £ A, we write A = Ai U {1} U A2 
where open arcs Ai and A2 do not contain 1. Then ah(t) is constant in the 
intervals corresponding to Ai and A2. Suppose that there exists a non-zero 
jump of (Th{t) at t = 0. By ([T]) we may write: 

(R z h,h) H = / —da h (t)= / j—da h (t) + - a, a > 0, 

Jo 1 — e ■ z Jo 1 — e z 1 — z 

where a h(t) = crh(t) + a ^(+0) — a h(0), t £ [0,2ir]. In a neighborhood of 1 the 
left-hand side and the first summand of the right-hand side are bounded. 
We obtained a contradiction. □ 

The following theorem is an analog of Theorem 2.1 (A) in [1]. 

Theorem 3.1 Let V be a closed isometric operator in a Hilbert space H, 
and ~R Z (V) be an arbitrary generalized resolvent of V . Let {Afc}^^ be a 
sequence of points of ID, such that — >■ A, as k — > 00; A € T. Suppose 
that for some zq G B\{0} ; the function C(A; zq), corresponding to Ti z (V) by 
Inin's formula t!0\) , satisfies the following relation: 

3u.- lim C(X k ;z )=:C(X;z ). (28) 

fc— >oo 

Then for arbitrary z' E B\{0}, the function C(X;z' Q ), corresponding to 
R-z(^) by Inin's formula (C2J), is such that 

3u.- lim C(X k ;z' )=:C(X;z' ). (29) 

fe— >oo 

In this case C(X;z' ) is a linear contraction which maps N z ^ into N^, and 

z 'o 

the corresponding orthogonal extension V n /? n , does not depend on the 
choice ofz' G B\{0}. 
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Proof. Suppose that relation ()28|) holds for some zq € B\{0}. Choose an 
arbitrary z' Q S D\{0}. Comparing Inin's formula for the choices zq and z' 
we conclude that 

Vc(x ]Z oy,z =V Ci x ]Z ' o y,z>, AGD. (30) 

By ([8]) we write 

^) i * = ^+^^(^ + ^ ; c(A;^)" 1 . AeD - ( 31 ) 

By substitution in ([30]) such expressions for zq and Zq, and multiplying by 

zqz' we get 

z' E H + 4(ko| 2 - 1) (E H + ^AAw))" 1 
= z ^ + z (\z' \ 2 - 1) (S H + z'oVl^y . 

Then 

+4(|Z0| 2 -1)(^ + ^: ; C(A;, )) _1 ) 

(32) 



Lemma 3.1 Let zq,z' € 



Then 
zq - 



1 



4^0 



< 1. 



Proof. Consider the linear fractional transformation: w = w(u) = 
If \u\ = 1 then |1 — ~zq~u\ = \u(u — ~zq)\ = \u — Zq\. Moreover w{zq 
Therefore w maps D onto B. □ 
By (f3"2|) .(f33" ]) we may write: 

Eh + z V+. c{x . z>o) 



(33) 



1 — Z()U ' 

! = 0. 



J |2 



ZqZQ 



^[E H + z V z 



z ;C(\;z ) 



zq 



-V~' 



z'oZQ- z o;C(A; 2o ) 



A e 



(34) 
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By © we may write: 

By conditions of the theorem it easily follows that C(A; zq) is a contraction, 
and 



3n --^%;C(A fc ;,o) = ^o©^(A;^o) 



z ;C(\;z ) 



(35) 



We may write 



En + *^V+ 



1 - ZqZq zo;C(\ k ;z ) 



< 



' Eh + z °~f° V+ ~ 

1 — z' Z 2o;C(A;2 ) 



H + 1 - z' Zq V *°;C(X k ;z ) 



-1 



^0 - Zq 



1 - 2^ 



z ;C{\ k ;z ) z ;C(\;z ) 



E H 



Z ~ Z y+ 



1 — z'qZq 2o;C(A;2 ) 



36) 



Since 



then 



z o — z o 



1 - z' o z 



V 



zo;C(X k ;zo) 



<6<1, 



E H + 



1 - z'qZq 



L~zK z o;C(\ k ;z ) 



> 



l-z' zb~ 2o;C, ( Afe;z °) 



> (1 



\h\ 



E H + ^^K + 



1 - z'qZq" z o\C(X k \z ) 

Passing to the limit in (|36p we obtain that 



< 



1-5 



l im [En+ f *1_ V+ 



I-z'qZq- z o;C(A fc;2o ) 
By (f37|) . ([35]) . ([M|) we conclude that there exists 



1 — z' Z(j z ;C{\:z ) 



(37) 



u. - lim Vf c(Xi ,s =u.- lim V z > C(X k ; z' ) =: V 1 , (38) 



such that 



E H + 4^' 
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1 — z' q Zq V z ;C(A;2o)/ \ 1 — z'qZq z ;C(X;z ) 

By ([38]) we see that , = V z > . Set 

z o 

z o 

Then relation (I38p shows that C(X;z' Q ) is a linear contraction which maps 
N,i into N i . Thus, we have 



V' = V z ^C(X- 1 z' Q ) = V^ c[M) . (40) 



By (ESI), (001) we easily get that 



u.- lim C(X k ;z' ) = C(X;z' ), (41) 

k— >oo 



and (129p is proved. 

By ([391), (g0]) we obtain: 



-1 



1 ^° f En + ^kv+ \ (E H + z V+ J (42) 



1 — koP V i-^O^O ^;C(\;z ) J \ n U Z0 ;C(A; Z0 ), 

= ((i - ^)E U + (,„ - 4)^ + |Cfoo) ) (e« + < ;Cfi>) ) ; 

By subtracting Eh from the both sides of the last relation and by division 
by -z' we get 



(e h + z V 



z ;C(X;z ) 



-1 



ZqEh + ^ Zo .(j^. z \j \Eh + Zo ^ Zo -c(X;zo) 



-1 
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By © and © we conclude that 



V, 



C(X;z' );z' ' C(X;z );z 



V4 G 



(43) 



□ 



The following theorem is an analog of Theorem 2.1 (B) in [3]. 



Theorem 3.2 Let V be a closed isometric operator in a Hilbert space H, 
and zq G ID>\{0} be a fixed point. Let~R z = R^(V) be an arbitrary generalized 
resolvent ofV, and C(X;zq) G S(N ZQ ; Nj_) corresponds to R Z (V) by Inin's 

formula (fiOj). ~R Z (V) has an analytic continuation to the seiBUD e UA, for 
some open arc A of T, if and only if the following conditions are satisfied: 

1) C(A; Zq) has an extension to the set DUA which is continuous in the 
uniform operator topology; 

2) The extended C(X;zq) maps isometrically N ZQ on the whole N±, for 
all A G A; 

3) The operator (Ejj — AV^n^v^) -1 exists and it is defined on the whole 
H, for all A € A. 

Proof. Necessity. Choose an arbitrary point A € A. Let z G O\{0} be 
an arbitrary point, and C(A; z) G S(N Z ; Ni) corresponds to the generalized 
resolvent JH Z (V) by Inin's formula (jlOp . Using Inin's formula we may write: 



Eh ~ zVc(X;z);z = j( E H ~ Wc(\;z);z) + (l 



Eh 



tn- x i + (i-t)E H = ~ 



Eh + 1 R 



R^\ VA G D\{0}. 



Therefore 



E H + 



1 Ra 



l : (E H - zVc(\- lZ y, z )'R\, 



has a bounded inverse defined on the whole H: 



E H + - - 1 R. 



-l 



jR^(E H -zV c{x . z) , 



A G B\{0}. (44) 



Then 



(E H - zV c{x . z) . 



-R> 



E h + 



1 R> 



A G D\{0}. (45) 
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Choose an arbitrary 5: < S < 1. Assume that z £ 1D)\{0} satisfies the 
following additional condition: 



l%ll<& 



(46) 



Let us check that such points exist. If ||Rt|| = 0, it is obvious. In the 
opposite case, we look for z = eX, < e < 1. In this case condition (}4"6"j) 
means that 



i-i 

£ 



< 



l%H' 



or e > 



Then there exists 



the whole If. Moreover, by continuity inequality 



1 1 Rt 



which is bounded and defined on 



z 



RaII <S, 



(47) 



holds in an open neighborhood U(X) of A, and therefore there exists 

-l 



E H + 



A 



1 R 



, VAGfJ(A), 



(48) 



which is bounded and defined on the whole H . We may write 

A 



E H + 



1 Rx U 











> 


\\h\\ - 




IIRa^II 






z 





> (1 



he H. 



Therefore 







-1 




£h + - l) Ra 











< 



1-5' 



A g [/(A). 



(49) 



Choose an arbitrary sequence {Afc}^ =1 of points in D, such that A& — > A, as 
A; — ^ oo. There exists a number fco € N such that A& € C/(A) n D, k > fep- 
We may write 



lw/ - ( ^ 

z 



1 I Ra, 



(--1 )Ri 



-i 
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< 



E H + — - 1 Ra 



-i 



A* 

2 



--11 R-a, 



- - 1 R* 



1 



The first factor on the right of the last equality is uniformly bounded by (|49h . 
Thus, we get 



u. — lim 

Aero, a^a 



E h + 



A 









Ra 




E« + (; - l) % 



(50) 



By relations (pl5j) . (f50|) we conclude that 



u. - lim JE H - zV C (X;z);z) 1 = 

AeO, A^A 

Then there exists the following limit: 



R^ 



E H + 



1 R^ 



• (51) 



u.- 



lim V 



AGE), A->A 



z;C(\;z) 



u.— lim 



Aero, a->a V 2 



W + — ^(E H - zVc^.z)- 1 



1^ l-\z\ 2 ^ 
-E H + ^-AR 



E H + 



1 R, 



=: K', (52) 



where we used §9$). Notice that V+ C{x . z) = V Z ®C{\; z). Set C(A; z) = V^jv*- 
By f)52[) we conclude that C(A; z) is a linear contraction which maps N z into 
Ni. Moreover, V^\m z = V z , and therefore 



V^ = V z @C(X;z) = V 



z;C(X;z) 



By (|52p we easily obtain that 



u. - lim ^C(X;z) = C(X;z). 

AeD, A^A 



(53) 



By Theorem 13.11 we conclude that the last relation also holds for zq, where 
C(X;zq) is a linear contraction which maps N ZQ into iVj_, and V c 



Z ° 5=' V C(X;z );z 



C(\;z);z- 
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Comparing relation ([52]) for V' z = V ~ , with relation we get: 



— Rc 



^+ __l R 



-1 



(54) 



for the above choice of z. 

Thus, we have extended by continuity the function C(X;zo) to the set 
DU A. Let us check that this extension is continuous in the uniform operator 
topology. It remains to check that for an arbitrary A £ A we have 



u. — lim _C(A; zq) = C(A; zq). 
agbua, a^a 



(55) 



We choose z G B\{0} satisfying (|4"6|) and construct a neighborhood £/(A), 
as before. For an arbitrary A € U(X) we may write: 



E H + I - - 1 ) R 



E H + I --llRs 



-i 



< 



f;„ + _ _ i r 



- - 1 Rt 



- - 1 R A 

z 



E H + 



l R^ 



-i 



By (j49J) we obtain that 



u. — lim 

A— >A 





-l 




E H +(~- lj R A 











(56) 



By (|54j) we conclude that 



E H + ( - - 1 ) R 



= (Eh " 2Vb(A;*);*) S VA G (C/(A)nD)\{0}, 

(57) 

for the above choice of z. In fact, for an arbitrary A € An?7 (A), there exists a 
neighborhood f/(A) C U(\), where inequality (|47|) holds for the same choice 
of z. Then repeating the arguments after (|47p for A instead of A, we obtain 
that (|571) holds for A. For the points inside O we may use relation (j4"5j) . 
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By relations (|56|) . ([57|) we get 

u. - lim _ {E H - zV c{x . z) . z ) 
agdua, a^a 



E H ~ zV C(X;z);z 



(58) 



Since it was proven that V C (x- z y z does not depend on the choice of z G B\{0} 
(and for z£D this fact follows from Inin's formula), the last relation holds 
for all z G B\{0}. 

By relation ([9]) we obtain that 



lim V+ C{X . Z) =V+ VzGD\{0}, 
AeBuA, A— >>A ' v ' 1 z,U^,z) 



(59) 



and therefore relation ()55|) holds. Thus, condition 1) in the statement of the 
theorem is proven. 
By (HH) we see that 



Rr = ^[E H - zV r 



C(A;z);z 



E h +I--i)r, 



(60) 



for the above choice of z. Therefore R^ has a bounded inverse, defined on 
the whole H. Then 



Eh 



Eh - zV f 



C(X;z);z 



E H + 



l R\ 



R~ 



E H - zV, 



C(A;z);z 



A 



E H + 



1 R^ 



R? 1 



-V + 1 
A 



Eh- 



From the last relation we get 



R^ 



E H - XV, 



C(X;z);z 



(61) 



Since V(j(\-zyz d° es not depend on the choice of z, the last relation holds for 
all z G B\{0}. Consequently, condition 3) in the statement of the theorem 
is proven. 

By the property (|2"5"j) . passing to the limit as z — > A, we get 



R* = E H - R x . 



(62) 
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On the other hand, by (f6Tj) we get 



R M^-^(A; 2 );J 1 - (63) 



By (|61 ]) -(j63 ]) we see that 

E H = (E H - XV* ^ 1 + (e h - \V ca . z) ^ ~\ Vze B\{0}. (64) 

By multiplying the both sides of the last relation by (Eh — AV* - ) from 
the left, and by (Eh — Wc(\-zYz) ^ rom the right, we get 

- ~ XV C { %*)^ EH ~ lV C^ = E »~ lV C { % Z y, Z + E »~ XV C(X; Z) ; Z - 
After multiplication in the left-hand side and simplification we obtain that 



On the other hand, by (164p we may write: 



l / ^ \ -l 



EH ~ XV C(X;z);z) = E H- \E H ~ XV C{% Z );z 



- XV C(X;z);z [ E H ~ XV C(X;z);z 

1 /_ x- 1 



-1 



V C(X;z);z = -~[Eh- XV C(X; Z)]Z ) [ E H ~ XV C{X;zy,z ) • 

Since (^Eh — x ^c(\ z)-z) * s defined on the whole H and bounded, we con- 
clude that R{Vc{x- z yz) = Hence, the operator Vq(\. z \. z is unitary in H. 
Then the corresponding operator V + ~ = V z © C(A; z) is unitary, as well. 

In particular, this fact implies that C(X;z) is isometric and maps N z on 
the whole Ni. Since z is an arbitrary point from B\{0}, we obtain that 
condition 2) of the theorem is satisfied. 

Sufficiency. Let conditions l)-3) be satisfied. Choose an arbitrary 
A € A. Choose an arbitrary sequence {^k}kLi of points inDuA, such that 
Ajt — > A, as k — > oo. Using ([8]) we write: 



Eh - XkV c{Xk;zo) , zo = (l-^jE H - 1 -^ 1 (Eh + z V z 



2 

z Q ;C(\ k \z Q )i 
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= (1 - X k z ) 

= (i - m 

By ([65]) we write: 



1 - X k Z^ z Q ;C(\ k ;z ) 

E H - XV, 
z - X 



{E H + z V 



z Q ;C(\ k ;z Q ) 



C(A;.zo);zo 



-V 



1 _ zo;C(A;2 ) 



(E H + z V + n ,~ J" 1 . (65) 
2 ;C(A;z ) 



1 _ ' *„:< ■|A::„, , _ \— ~ W C(X^o) + Z °^o;C(A;, ) 

'C(A;2o);zo 



u 

Since V^,<?._ is closed, by condition 3) it follows that there exists {Eh 



XV„ f \ , ) 1 , which is defined on the whole -ff, and bounded. Therefore 

C(\;z );z > ' ^ ' 

there exists \Eh + Z °~^_ V + ~ J -1 , which is bounded and defined on the 

1-Az ZQ\C{\;z y 

whole H. From (1651) it follows that 



(e h 



XV, 



^{E H + z V + r ) 

1 _ \z^ z ;C(X;z ) 



C(A;2o);zo 



1 - Xz^ ^;C(A; 20 ) 



(66) 



For points which belong to A we may apply the same argument, while 
for points X k from D we can use Lemma 13. 11 to obtain an analogous repre- 
sentation: 

(E H - X k V C (x k ;zoy,zo) 

-1 



1 



1 - X k z 



— {E H + z V + n( . J 



E H + 



1 - X k Z^ zo\C{\ k ;z ) 



Observe that by condition 1) we have: 



k G N. 
(67) 



z ;C{X k ;z ) z ;C(X;z ) 



sup 

heH, \\h\\=l 



{C{X k] z )-C{X;z Q ))P N h 



< 



C{X k ;z ) - C{X;z ) 



— >• 0, k — > 00; 



u. - lim V + nl . , = V + ~ « 

fc^oo 2o;C(A fc ;zo) z ;C(\;z ) 



(68) 
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Let us check that there exists an open neighborhood f7i(A) of A, and a 
number K > such that 



-i 



<K, VA fc : Afc € Ui(X). (69) 



1-Afc^ *o;C(A fc ; Zo )_ 
The latter condition is equivalent to the following condition: 



1 - X k Z^ ^o;C(A fc ;2 ) 



>-^IM|, V 5 G#, VA fc : A fe €?7i(A). 



(70) 

Suppose to the contrary that condition ([70]) is not true. Choose a sequence 
of open balls U n (X) with the centrum at A and radius i; and set -fC„ = n, 
n E N. Then for each n 6 N, there exist elements g ra € -ff, and A& n G U n (X), 
k n E N, such that: 



9n 



< -\\9n\V 

n 



(71) 



It is clear that g n are all non-zero. Set g n = -rr^ — , n G N. Then 

1 1 5™ 1 1 -H" 



^ + l-A fc „^^o;C(A fcn ;, ) 



1 

< -. 

n 



(72) 



Since |Afe n — A| < — , then limn^ac X kn = A. Then we may write 



> 



n 



1 - Xz^ z O' C ( X ' z o) 



+ ( z °~ Xk - v 



z - X 



V 



1-A fcn ^ ^C(\ kn ,z ) z ;C(X;z ) ^ 

En + -^V 



> 



1 - Xz^ z O' C ( X ' z o) 



z - ^k n 



v + , 



z - X 



v + 



> L 



l"A fcn ^ *o;C(X kn ;zo) z ;C(X;z ) 

z - X 



Z ~ ^k n y + 



1-A fcn ^ z o;C(x kn ,z ) Z0 ;c(x-z ) 



, L > 0, (73) 
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for sufficiently large n, since \Eu + Z "^ A V + ~ 1 has a bounded inverse 

on the whole H, and the norm in the right-hand side tends to zero. Passing 
to the limit in relation (|73p as n — > oo, we obtain a contradiction. 
Consequently, there exists an open neighborhood U\{X) of A, and a number 
K > such that inequality ([69]) holds. We may write: 



< 



z - X k T ^ + 

H + 1 - X k ZQ V *o;C(X k ;z ) 



F zq - X k 

^ + l_ Afc ^^o;C(A fc ; 20 ) 



f - AaT 2 o;C(A; 2o ) 



— Afc ^ + 



1-A3q ^o;C(A; 2o ) l-\ k Zo z o^(X k ;z ) 



1 _ Xzq z o;C(A; 20 ) 



-1 



By ([69]) we conclude that 

z o — Afc 



u. — lim 

fc— >oo 



E H + 



-i 



f - X k Z^ Za;C{\ k ;z ) 
By ® .ASS),®.® we conclude that 



i - Xz^ z 0'C(X;z () ) 



U - ~ ^ \ E H ~ ^kV C {X k ;z Q );z 0/ 



E 



ii 



XV, 



C(\;zo);zo 



and therefore 



u - ~ lim „ \ E H ~ *V C (\-z );z 0/ 

AGBUA, a^a 



E H - XV, 



C(X;z );z 
1 



(74) 
(75) 

(76) 

By Inin's formula, for A € B, we have [Eh — XVc(\- Zo ) ;Zo ) x = Ra- Thus, 
relation (f76|) shows that the operator- valued function R\, A € B, has a 
continuation to the set B U A, which is continuous in the uniform operator 
topology. 

Choose an arbitrary h 6 H and consider an analytic function 

/(A) = f h {X) = (R x h,h), AeB. (77) 
Then f(X) has a continuous extension to B U A, which is equal to 



/(A) 



[Eh - XV c(x . Zo) , Zo ) 1 h,h), A G B U A. 
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Let us check that 



(E H - W c(x .^ zo ) - X = E H - [E H - \V£ (x , Zo) . Zo ) , VA G A. (78) 

Choose an arbitrary A € A. By condition 2) of the theorem we conclude 
that V c{x 

;zq);zq i s unitary. Then 
(E H -XV^ x , z) , z )(E H -XV c{x , z) , z ) = E H -XV c{x . z) . z +E H -XVS ix . z) . z . (79) 

To verify the last relation, it is sufficient to make multiplication in the left- 
hand side and a simplification. Multiplying (j79|) by I Eh — XV£ 



-i 



C(X;z );z 0/ 

from the left, and by (Eh — AV^.^).^) 1 from the right, we easily get ([78]) . 
We may write: 

7(A) = (^{EH-Wc^J-'h) = ((E H -\VS {x . zo y >Zo y\,hJ 

= (h,h)-((E H -\v C{X . zoy>zo y 1 h,h) = (h,h)-f(\y, 

Ref(X) = ^(h,h), A G A. (80) 

Set g(X) = if(X) — ^(h,h), A6BU A. Then lmg(\) = 0. Consequently, by 
the Schwarc principle, g(X) admits an analytic continuation g(X) = gh(X) to 
the set DuAuB e . Moreover, we have 



g(X) =g Q). AG 3,. (8.1) 

Then 

/(A) = f h (X) := -g(X) + hh,h), X G D U A U B e , 
i 2 

is an analytic continuation of /(A). By (|8TT) we get 



/(A) --/( = ] + (/'■/')• AGP.. (82) 



Using (|25p we may write: 



/(A) = - Rifc, + (fc, h) H = - {h, (E H - B? x )h) H + (h, h) H 



H 



(R x h,h) H , A G B e . (83) 
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Set 

R\(h,g) = - (7h+gW ~ fh-gW + iJh+igW ~ ifh-igW) > 

h,geH, A € B U A U B e . (84) 

Observe that R\(h, g) is an analytic function of A on BU AuB e . By (fTT|) . (f83|) 
we see that 

R x (h,g) = (K x h,g) H , h,g£H, A € B U B e . (85) 
By ([75]) we see that 

R?{h, g) = lim _(R\h, g) H 

AeB, A— >>A 

= lim A{ E H-\V c{x . Zo) . ZQ y l h,g) 

AeD, A-+A v 7 H 

E H->y c{%zoy ^ X h,g\ , h,geH, A € A. 

/ H 

Then the following operator-valued function: 



R A , A € B U B e 

, -l 



(E H -AV CM . Z0 ) 1 AG A 



is an extension of Ra, which is analytic in the weak operator topology, and 
therefore in the uniform operator topology. □ 

Corollary 3.1 Theorem 13.21 remains valid for the choice z$ = 0. 

Proof. Let V be a closed isometric operator in a Hilbert space H. Let 
R-z(V) be an arbitrary generalized resolvent of V, and F{\) = C(A;0) € 
S{Nq;N oq ) corresponds to R Z (V) by Inin's formula (fTUI) for zq = 0, which 
in this case coincides with Chumakin's formula ([2]). Consider an arbitrary 
open arc A of T. 

Choose an arbitrary point zq € B\{0}. Consider the following isometric 
operator 

V = (V + z^E H )(E H + z V)-\ D(V) = {E H + z V)D{V). 

Then 

V = {V- z^E H ){E H - zqV)" 1 = V 20 . 
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Recall that generalized resolvents of V and V zo are related by (|14p and this 
correspondence is bijective. Let R 2 (V) be the generalized resolvent which 
corresponds by (fl~4"|) to the generalized resolvent R 2 (V Z0 ) = ~R Z (V). 

By (HH) we see that Rj-(V Zo ) has a limit as t — >■ to G A, if and only if 
R„(V) has a limit as 5 — >• Uq G Ai, where 

Ai = I u : u = ^, i G A 

Thus, R^(V^ ) has an extension by continuity to T e U A, iff R„(V) has an 
extension by continuity to T e U Ai. The extended values are related by (JHJ), 
as well. Prom (j!4j) we see that the extension of Rj(V^ ) is analytic iff the 
extension of R„(V) is analytic. Consequently, Rj{V) = Ytj(V Z0 ) has an 
analytic extension to T e U A, if and only if R„(V) has an analytic extension 
to T e uAi. 

By Theorem 13.21 R„(V) has an analytic extension to T e U A\ iff 

1) C(A; Zq) has an extension to the set B U Ai which is continuous in the 
uniform operator topology; 

2) The extended C(\;zq) maps isometrically N ZQ on the whole N_i_, for 

z o 

all A G Ai; 

3) The operator (Eh — AVc(A;2 );z ) _1 exists and it is defined on the 
whole H, for all A G Ai, 

where C(A; zq) G S(N zo ; N^) corresponds to R 2 (V) by Inin's formula (fTUj) . 
Recall that C(A; zo) is related to -F(i) in the following way: 

C(u) = f(^-^Y u G T e . 

By using this relation we easily get that condition 1) is equivalent to 

1') F(t) has an extension to the set DU A which is continuous in the 

uniform operator topology; 

and condition 2) is equivalent to 

2') The extended F(t) maps isometrically Nq on the whole Nqq, for all 

te A. 

By (j65l) we conclude that (Eh — XV(jr\. Z0 \. Z0 ) exists and is defined on 
the whole H, for all A G Ai, iff 

-l 

= [Es-t^QFit))]' 1 , 



Eh 



A 



zq 



1 - Xz 
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exists and is denned on the whole H, for all t € A. □ 

4 Some decompositions of a Hilbert space. 

The following result appeared in Lemma 1]. However, its proof was based 
on Shmulyan's lemma. It seems that no correct proof of this lemma ever 
appeared published. An attempt to prove Shmulyan's lemma was performed 
by L.A. Shtraus in [Ul Lemma]. However, the proof was not complete. We 
shall use the idea of L.A. Shtraus to prove the following weaker result. 

Theorem 4.1 Let V be a closed isometric operator in a Hilbert space H. 
Let ( G T, and £ be a point of the regular type of V. Then the following 
decompositions are valid: 

D(V) +N C = H; (87) 
R(V) + N C = H. (88) 
Proof. At first, we suppose that £ = 1. Let us check that 

\\Vf + g\\H = \\f + g\\H, feD(V),geNx. (89) 
In fact, we may write: 

\\Vf + g\\ 2 H = (Vf, Vf) H + (Vf, g) H + (g, Vf) H + {g, g) H 

= 11/111 + (Yf,g) H + (g, Vf) H +\\g\\%. 
Since 0=((E- V)f,g) H = (f,g)n - (Vf,g) H , we get 

(Vf,g) = (f,g), feD(V),geN 1: (90) 

and therefore 

\\Vf + gf H = \\f\\ 2 H + (/, g)u + (g, f) H + \\gf H = \\f + gf H - 

Consider the following operator: 

U(f + g) = Vf + g, f € D(V), g € N\. (91) 

Let us check that this operator is well-defined, with the domain D{U) = 
D(V) + N\. Let h € D(U) has two representations: 

h = fx + gi = / 2 + 52, /i,/ 2 £D(V), gi,g 2 G N v 
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Then using (|89p we may write 

\\Vf 1 +g 1 -(Vf 2 +g 2 )\\ 2 H = \\V{h-h)+{9i-92)\\ 2 H = ||/i-/2+<7l-<fc||ff = 0. 
Thus, U is well-defined. Moreover, U is linear and using (|90p we write: 
(U(f+g),U(f+g)) = (Vf+g,Vf+g) = (V f,Vf) + (V f,g) + (g,Vf) + (g,g) 

= (/,/) + (f,g) + (<?,/) + (9,9) = (/ + 9, 7+ 9), 

for /, / G -D(V), g,g N\. Therefore £/ is isometric. 

Suppose that there exists h E H, h ^= 0, h G D(V) Pi iVi. Then 

= U0 = U(h + (-/»)) =Vh — h = (V — E H )h, 

and this contradicts to the fact that 1 is a point of the regular type of V. 
Therefore 

D(V) n Ni = {0}. (92) 

Notice that we do not know, a priori, that D(U) is closed. Consider the 
following operator W: 

W = U\ S , 

where 

S = {h€ D(U) : h±N 1 } = D(U) n M x . 

Thus, W is an isometric operator with the domain D(W) = D(U) PI M\. 
Choose an arbitrary element g G D(U). Then g = gM ± + <7jVi> 9M\ G Mi, 
5JVx € iVi C D(£7). Therefore 5Ml = P&S G D(U), g Ml -1 Wi- Thus, 
<? Ml G .D(W); 

P^L>(£/) C D(W). (93) 

On the other hand, choose an arbitrary h G D(W). Then h G D(U) Pi Mi, 
and therefore ft = P^j h G PKD(U). Consequently, we have 

AW = J^CEO = + ^l) = P Ml D(V) C Ml (94) 

Choose an arbitrary / G -D(F). Let / = / Ml + /jv x , /mi 6 Mi, G iVi. 
Then f-f Nl e D(U), and f - f Nl ± N u i.e. f - f Nl € D{W). We may 
write 

(W - -f Nl ) = (U- E H )(f -f Nl ) = U(f -f Nl )-f + f Nl =Vf- /; 

(W - E H )D{W) D (V - E H )D{V) = Mi. (95) 
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On the other hand, choose an arbitrary w G D(W), w = Wjj(y\ + iojvu 
W D(V) € wjvi G N\. Since u> _L iVi, we may write: 

w = P^w = P§ lWD{v) . (96) 

We may write 

(W - E H )w = Uw-w = Vw D( y) + w Nl - w D( y) - w Nl = (V - E H )w D( yy, 

(W - E H )D{W) C (V - E H )D{V) = Mi. 
From the last relation and (|95p we obtain: 

(W - E H )D{W) = (V - E H )D(V) = Mi. (97) 

Moreover, if (W — Eh)w = 0, then (V — Eh)wd(v} = 0; and therefore 
W D(V) = 0- By (j96|) this implies w = 0. Consequently, there exists (W — 
Eh)' 1 . By fl97]) we get 

= (W - E H )- l M x . (98) 

Since D(W) C Mi, using (f97|) . we may write: 

= (VT - -E/f)u> + w G Mi; 

£>(W) C Mi, WD(W) C Mi. (99) 
Consider the closure W of with the domain D(W). By (f99l) we see that 

D(W) C Mi, TFD(W) C Mi. (100) 

Then 

(y7-E H )D(y?) c Mi. 

On the other hand, by (I97p we have 

(W - E H )D(W) D (W - Sff)D(W) = (W - £h)£>(W0 = Mi. 
Thus, we conclude that 

(W-E H )D(W) =Mi. (101) 

Let us check that there exists (W — Eh)' 1 . Suppose to the contrary that 
there exists h G D(W), h / 0, such that (W — En)h = 0. By the definition 
of the closure, there exists a sequence h n G D(W), n G N, which converges 
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to h, and Wh n -t Wh, as n ->• oo. Then (VP - E H )h n -4 VF/i - /i = 0, 
as n — >• oo. Let /j„ = ft 1;n + /i2;n, ^i;n € D(V), /i2 ; n 6 JVi, n 6 N. Then 
(W - E H )h n = Uh n - h n = Vhi- n + h 2 - n - hi- n - h 2 - n = (V - E H )h 1]n . 
Therefore (V — Eff)hi- n — > 0, as n — >■ oo. Since (V — Ejj) has a bounded 
inverse, we conclude that h\- n — > 0, as n — > oo. Then /i n = P^ h n = 
Pm^i-u — > 0, as n — > oo. Therefore, we get h = 0, and this contradicts to 
our assumption. 

Thus, there exists (W - Eh)- 1 D (W - Eh)- 1 . By (fTUD . (f9T)) . we 
conclude that 

(W-^)" 1 = (W-E H )~\ 

and therefore 

TF = W. 

Thus W may be viewed as a closed isometric operator in a Hilbert space M\. 
Then (W — Eh)' 1 is closed, and it is defined on M\. Therefore (W — Eh) -1 
is bounded. This means that 1 is a regular point of W. Therefore TV is a 
unitary operator in M\. In particular, this implies that D(W) = R[W) = 
Mi. 

By the definition of W we conclude that D(W) = Mi C D(U), and 
U\ Ml = W. On the other hand, U\ Nl = E Nl . Then D(U) = H, and 

U = W®E Nl . 

Thus, U is a unitary operator. In particular, D(U) = R(U) = H, which 
means that 

D(V) +Ni = H, R(V) +Ni = H. (102) 

The first sum is direct by (JS2]). Suppose that h G R(V)nNi. Then h = Vf, 
f G D(V), and we may write: 

Q = Vf+(-h) = U(f+(-h)). 

Since J7 is unitary, we get / = h = Vf, (V — En)f = 0, and therefore / = 0, 
and h = 0. Thus, the second sum in (|102p is direct, as well. So, we proved 
the theorem for the case £ = 1. 

In the general case, we can apply the proven part of the theorem to 
V := CV. □ 

Corollary 4.1 In conditions of Theorem \4-l\ the following decompositions 
are valid: 

(HeD(V))+M c = H; (103) 
(HeR(V)) + M c = H. (104) 
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Proof. The proof is based on the following lemma. 

Lemma 4.1 Let M\ and M 2 be two subspaces in a Hilbert space H, such 
that Mi n M 2 = {0}, and 

M 1 + M 2 = H. (105) 

Then 

{H e Mi) + (HQ M 2 ) = H. (106) 

Proof. Suppose that h G H, is such that h € ((H Q Mi) n (H Q M 2 )). 
Then h ± M 1; h 1 M 2 , and therefore h _L (Mi + M 2 ), h J-H, h = 0. 

Suppose that g e H, is such that 5 _L ((F 9 Mi) + (ff M 2 )). Then 
5 € Mi, g £ M 2 , and therefore 5 = 0. □ 

By applying the lemma with Mi = D(V), M 2 = N c , and Mi = R(V), 
M 2 = , we complete the proof of the corollary. □ 

5 Isometric operators with gaps. 

Now we shall present full proofs, some slight correction and generalization 
of Ryabtseva results [7] . 

For the sake of convenience we put here the proofs of the following lem- 
mas, see Lemma 2 and its corollary, and Lemma 3 in [7J. 

Lemma 5.1 Let V be a closed isometric operator in a Hilbert space H , and 
(£T. Then the following equality holds: 

VP M J = C l P M J, V/eiV C) (107) 

and therefore 

\\PmJ\\ = \\PmJ\\, V/G7V C ; (108) 

\\PnJ\\ = \\ p nJ\\ . V/€7V C . (109) 

Proof. Choose an arbitrary / E Nq. For an arbitrary u € D(V) = Mq we 
may write: 

(c7 - vpg (v) f,vu) H = c\f,vu) H - (pE {v) f,u) H 

= (/, CVu) H - (/, u) H = (/, ((V - E H )u) H = 0. 

Therefore (C -1 / — VPu Q f) -L M^. By applying -Pj^ to this element we 
get (|107p . Relation (|108p is obvious, since V is isometric, and (|109j) easily 
follows. □ 
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Lemma 5.2 Let V be a closed isometric operator in a Hilbert space H , and 
C be a linear bounded operator in H , D{C) = Nq, R(C) C N^. Let £ G T ; 
and C -1 be an eigenvalue ofV^ c = V@C . If f G H, f 7^ 0, is an eigenvector 
of Vq^q corresponding to then f G N{, and 

CP%j = c l PLf- (no) 

Proof. Let / be an eigenvector of V^ c corresponding to £ _1 G T: 

(v e c)f = vp£j + cp^j = r 1 {p&j + p§j) . 

By the orthogonality of the summands we see that the last relation is equiv- 
alent to the following relations 

VP§ f = C 1 P^ oo f; (in) 

CP§J = C^PnJi (H2) 
and therefore (fTTUD follows. Relation (fTTT|) implies that P^ oo (C~ 1 f-VP^J) = 
0; (C -1 / - VPmJ) -L Moo. Then for arbitrary u G we may write: 

= (C7 - Vu) H = C\f, Vu) H - (P»J, u) H 

= (/, CVu) H - (/, u) H = (/, {(V - E H )u) H . 

Therefore / G iV f . □ 

For an arbitrary ( 6 T, we define an operator by the following 
equality: 

w c P^f = c 1 P^f, feN (lis) 

with the domain D(Wq) = P^ q Nq. Let us check that this definition is 
correct. If g G D(W^) admits two representations: g = P^ Q fi = P^ Q f2, 
/1, / a G iV c , then F^Cfr - / 2 ) = 0. By (HDSD this implies P^ (/ x - / 2 ) 4 , 
and therefore the definition is correct. The operator is linear, and 

II^C-PjVo/IIh = WPn^/Wh = \\ P N f\\ H ■ 

Thus, W c is isometric. Notice that R(W C ) = P^N^. 
Set 

$ = P N \N ( , Q = Pn x \n ( ■ 

In what follows, we suppose that C~ 1 *s a point of the regular type of the 
operator V. Let us check that in this case operators S and Q are invertible. 
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Suppose to the contrary that there exists / G N^, f ^ 0: Sf = P^ f = 0. 
Then / = P$ Q f ^ 0. Thus, we get by Theorem O that / G M niV ? = {0}. 
We obtained a contradiction. In a similar way, suppose that there exists 
9£%j/0: Qf = P*J = 0. Then g = P^g ± 0. Therefore by 
Theorem 14.11 we get g G n = {0}. We obtained a contradiction, as 
well. 

Moreover, by Theorem 14. II we conclude that 

P* o N ( = N ; Pg^N^Noo. (114) 

Thus, S^ 1 and Q^ 1 are closed and defined on the subspaces No and Nqo, 
respectively. Therefore S 1-1 and Q _1 are bounded. By f|113j) we see that 
D{W C ) = N , R{W C ) = iVoo, and 

W( = C 1 QS~ 1 . (H5) 

The following theorem holds, see Theorem 1]. 

Theorem 5.1 Let V be a closed isometric operator in a Hilbert space H, 
and C be a linear bounded operator in H, D(C) = Nq, R(C) C N^. Let 
( £ T, and £ -1 be a point of the regular type of the operator V. The point 
C -1 is an eigenvalue of V Q + C = V © C , if and only if 

(C - W ( )g = 0, g eN , g^0. (116) 

Proof. Necessity. Since is an eigenvalue of V Q T C = V © C, then by 
Lemma [5^21 there exists / G N^, f ^ 0, such that 

cp§j = c x PnJ- ( 117 ) 

Comparing the last relation with the definition of W^, we see that CP^ o f = 

W C P nJ- Set 9 = P N f = S f- Since S is mvertible, then g + 0. 

Sufficiency. From (I116D we get (I117|) with / := S~ 1 g. By Lemma ED 
we see that relations (|llip . (|112p hold. The latter, as we have seen before 
relation (jllip . is equivalent to the fact that £ _1 is an eigenvalue of V^ c = 
V © C, with the eigenvector /. □ 

The following theorem is a slightly corrected version of Theorem 2]. 

Theorem 5.2 Let V be a closed isometric operator in a Hilbert space H, 
and C be a linear bounded operator in H, D(C) = Nq, R(C) C Nqq. Let 
(£T, and C~ 1 be a point of the regular type of the operator V . Then 

R (K,c-C 1 E H )=H, (118) 
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if and only if the following two conditions hold: 

(C-W< : )N = N oo ; (119) 
P^M^M^. (120) 

Proof. Necessity. Choose an arbitrary h G N^. By (|118p there exists 
x G H, such that 

V+ c - C 1 ^) x = (y e c)x - c _1 x = fe. (121) 

For an arbitrary u G -D(V), we may write: 
(x, (E H - QV)u) H = (x, (V- 1 - (E H )Vu) H = (x, ((V+ c )* - CE H )Vu) H 

= ((^otc - C^hK Vu) H = (h, Vu) H = 0, 
and therefore x G N^. Set g = Sx G Nq, and using (|1 15[) write: 

(C -W c )g = CSx - W c Sx = CSx - C _1 Qx. 

Since h G N^, we apply P$ to the equality (|12ip to get 

CPn x — ( 1 Pn x x = ^ 
CSx - C _1 Qx = h. 

Therefore we obtain that 

(C - W c )g = h, 

and (PUD holds. 

Choose an arbitrary h G M^. By (|118p there exists such that 

(^otc - C _1 £tf ) x = (FffiC)J- C _1 x = fc. (122) 

The last equality is equivalent to the following two equalities obtained by 
applying projectors Pj^ and P^ : 

VPfi x-C 1 Pti oo x = h; (123) 

CP*x-C 1 P$ ao x = 0. (124) 
By Theorem 14.11 we may write: 

X = X D (y) + x Nc , X D (y) G D(V), x N( G N{. 
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By substitution this decomposition into relation (|124p we get: 

CP$ x N( - C'Pn^n, - C^N^Diy) = 0; 

(C - W c )Pgx Nc = C'P^DiV)- (125) 
On the other hand, by substitution of the decomposition into (|123p we get: 

VxDiy) + VPm x Nc - C" 1 PM 00 x D(y) - C^iL^c = ^ 

Vx D{v) - C X Pm^d(y) = % (126) 
where we used Lemma 15. 11 Then 

P§ 00 {V-C 1 E H )x D(y) =% 

and (|120p follows directly. 

Sufficiency. Choose an arbitrary h G H, h = h% + h 2 , h\ G M^, 
h 2 G ^oo- By ()119[) there exists g € Nq such that 

(C-W c )g = Cg-W c g = h 2 . 

Set x = 5 _1 5 G JV f . Then 

C5x — C _1 Qx = /i2; 

p£(y e c)p$ x - c x pL x = h 2-> 

pL{Kc*-c 1 x)=h 2 . 

Observe that by Lemma 15. II we may write: 

PfL {Kc x - C'x) = VP^x - C'P^x = 0. 

Therefore 

(V+ C - ^Eh) x = h 2 . (127) 
By (|120p there exists w G Mq, such that 

Pu^ = h x . 

Let 

w = {V -^E^xoiV), x D{v) £D(V). 

Then 

Vx D{v) - C'P^X^y) = h. (128) 
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By (|119p there exists r G Nq such that 

(C-W c )r = C 1 P$ oc x D{v) . 
Set x N( := S^r G N ( . Then 

(C - W C )P# % C = C'PN^Divy, 

CP§ x N< - C X PnJxn< ~ <r X PNjtD{v) = 0. (129) 
Set x = Xd(V) + XN(- Then from (j!29j) we get 

CPgx-C 1 P^x = 0. (130) 

Using (|128|) and Lemma 15, II we write: 

fci = Vx D(y) - C" 1 Pm oo x d( i/ ) + ^-Pm xtv c - C^Pm^Nc 

= VP^ x-C 1 Pm oo x. (131) 
Summing relations (|130p and (|131 j) we get 

(V C)x - C X x = (V+ C - C 1 Eh) x = h x . (132) 

Summing relations (|127p and (|132p we deduce that relation (|118p holds. □ 
The following theorem holds, cf. [7, Theorem 4]: 

Theorem 5.3 Let V be a closed isometric operator in a Hilbert space H, 
and A be some open arc ofT, such that £ _1 is a point of the regular type of 
V , V£ G A. Let the following condition be satisfied: 

P^M C = M^, VC G A. (133) 

Let R z = H, Z (V) be an arbitrary generalized resolvent of V , and C(A;0) G 
S{Nq]N 00 ) corresponds to H Z (V) by Lnin's formula \10\) . ~R Z (V) has an 
analytic continuation to the set D U D e U A, if and only if the following 
conditions are satisfied: 

1) C(A;0) has an extension to the set DU A which is continuous in the 
uniform operator topology; 

2) The extended C(A;0) maps isometrically Nq on the whole N^, for all 
A G A; 
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3) The operator C(A; 0) — W\ is invertible for all A G A, and 

(C(A; 0) - W X )N = -ZVqo, VA G A. (134) 

Proof. Necessity. Let R^(V) have an analytic continuation to the set 
D U D e U A. By Corollary 13.11 we conclude that conditions 1) and 2) are 
satisfied, and the operator (E H -XV C (x.o) ; o)~ 1 = -j((V®C(\; O^-jEh)' 1 
exists and it is defined on the whole H, for all A G A. By Theorem 15. II we 
conclude that the operator C(A;0) — W\ is invertible for all A G A. By 
Theorem 15.21 we obtain that relation (|134p holds. 

Sufficiency. Let conditions l)-3) be satisfied. By Theorem 15.21 we get 
that R((V © C(A; 0)) - \E H ) = R{E H - XV C{X . 0) . ) = H. By Theorem O 
we see that the operator (V©C(A;0)) — jEh is invertible. By Corollary 13. II 
we conclude that R Z (V) has an analytic continuation to the set DUD e UA. 
□ 

Remark 5.1 By Corollary \3.1l if ~R, Z (V) has an analytic continuation to 
the set ID U B e U A, then {(V © C(A; 0)) - \E H )~ l exists and it is bounded. 
Therefore points A _1 ; A G A, are of the regular type for V . On the other 
hand, by Theorem \5. 21 condition \133\) holds in this case. Thus, by Propo- 
sition [3A[ condition H33]) and the condition that points A -1 , A G A, are of 
the regular type for V , both are necessary for the existence of a spectral func- 
tion FofV such that F(A) = 0. Thus, they do not imply on the generality 
of Theorem \5. 31 

We shall obtain an analogous result in terms of the parameter C(A;zo) 
of Inin's formula, for an arbitrary zq G D. 

Theorem 5.4 Let V be a closed isometric operator in a Hilbert space H, 
and A be some open arc of T, such that £ -1 is a point of the regular type 
°f V > ^ A. Let zq G B be an arbitrary fixed point, and the following 
condition be satisfied: 

Pj| 1 M H)+i = M_l, VC G A. (135) 

Let R 2 = R^V) be an arbitrary generalized resolvent of V , and C(X;zq) G 
S(N Zo ; Nj_) corresponds to R Z (V) by Inin's formula ilO\) . ~R Z (V) has an 

analytic continuation to the set B U B e U A, if and only if the following 
conditions are satisfied: 

1) C(A; Zq) has an extension to the set B U A which is continuous in the 
uniform operator topology; 
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2) The extended C(X;zq) maps isometrically N ZQ on the whole N±, for 
all A G A; 

3) The operator C(A; zq) — W\ ;zu is invertible for all A G A, and 

(C(A; z ) - W X . Z0 )N Z0 = N±, VA G A. (136) 

i/ere Wa;z * s defined by the following equality: 

W X;zo PSf = l -r^P$ 1 f, f G N\, A G T. (137) 

Proof. We first notice that in the case zq = this theorem coincides with 
Theorem 15.31 Thus, we may assume that zq G D\{0}. 

Let R Z (V) have an analytic continuation to the set D U D e U A. Recall 
that the generalized resolvent Ti z (V) is related to the generalized resolvent 
R-z(Vzo) °f Vz by relation ([T3]) . and that correspondence is bijective. Then 
Rz(^2 ) admits an analytic continuation to T e U Ai, where 

By Proposition l2.ll points t , t G Ai, are of the regular type of the operator 
T4 - Moreover, relation (I133P written for the operator V zo with f 6 Aj, 
coincides with relation (|135p . Then we may apply Theorem 15.31 for the 
operator V zo and the open arc Ai. If we then rewrite conditions l)-3) of that 
theorem in terms of C(X;zo), using the bijective correspondence between 
C{\;zq) for V, and C(A;0) for V ZQ , we easily get conditions l)-3) of the 
present theorem. 

On the other hand, let conditions l)-3) of the present theorem be sat- 
isfied. Then conditions of Theorem 15.31 for the operator V zo are satisfied. 
Therefore ~R z (V Zo ) admits an analytic continuation to T e UAi. Consequently, 
~R Z (V) has an analytic continuation to the set lUD e UA. □ 
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On the generalized resolvents for isometric operators with 

gaps. 

S.M. Zagorodnyuk 

In this paper we obtain some slight correction and generalization of the 
results of Ryabtseva on the generalized resolvents for isometric operators 
with a gap in their spectrum. Also, analogs of some McKelvey's results and 
a short proof of Inin's formula for the generalized resolvents of an isometric 
operator are obtained. 
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